Abstract This chapter discusses the theory of higher-order modes in the Feynman Y function and cross-power spectral density (CPSD) in an accelerator-driven system (ADS) where pulsed spallation neutrons are injected at a constant time interval. Theoretical formulae that consider the higher-order modes of the correlated and uncorrelated components in the Feynman Y function and CPSD for an ADS were recently derived in a paper published by the author. These formulae for the Feynman Y function and CPSD are applied to a subcritical multiplying system with a one-dimensional infinite slab geometry in this chapter. The Feynman Y functions and CPSD calculated with the theoretical formulae are compared with the Monte Carlo simulations of these noise techniques. The theoretical formulae reproduce the Monte Carlo simulations very well, thereby substantiating the theoretical formulae derived in this chapter. The correlated and uncorrelated components of the Feynman Y functions and CPSD are decomposed into the sum of the fundamental mode and higher-order modes. This chapter discusses the effect of subcriticality on the higher-order mode effects. 
Introduction
In accelerator-driven systems (ADS), fission chain reactions are driven by spallation neutrons emitted from a proton beam target. An ADS is quite different from an ordinary nuclear reactor in that it is always operated at a subcritical state. Thus, the safety requirements for reactivity control can be eased in ADSs. The the subcriticality changes. This chapter shows the dependence of subcriticality measurement on its subcriticality, which will contribute to the design of ADSs and planning of subcriticality measurements in the future.
Theory of Feynman-α Method in ADS
This section reviews the theory on the higher-order modes in the Feynman-α method in an ADS based on the work of Yamamoto [15] . Neglecting the energyand spatial dependence of neutrons in a subcritical system driven by a neutron source with Poisson character, we obtain the Feynman Y function (the variance-tomean ratio of neutron counts minus unity) as
where Δ ¼ counting gate width, C 1 (Δ) ¼ neutron counts in Δ, α 0 ¼ fundamental mode prompt neutron time-decay constant. When considering the energy and spatial dependence in an ADS, however, the Feynman Y function is more involved, as shown next. The formula for the Feynman Y function in an ADS where q spallation neutrons are emitted from the beam target at a constant period T is given by this expression [15] :
where
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the angle brackets denote the ensemble-averaging operator, C R ¼ count rate, and α m ¼ time-decay constant of the m th -order mode. (Refer to Yamamoto [14, 15] for other nomenclature.) Equation (12. 3) represents the correlated component of the Y function, which also appears in a subcritical system with Poisson source. The correlation in Eq. (12.3) results from the multiple neutron emissions per fission reaction. Equation (12.4) represents another correlated component caused by periodically pulsed multiple neutrons. Equation (12.5) represents the uncorrelated component caused by the periodically pulsed spallation neutron source.
A numerical example is considered for a one-dimensional slab with infinite height. The thickness of the slab is H ¼ 55 cm. The vacuum boundary conditions are imposed on both ends of the slab. The spallation neutron source and neutron detectors are allocated as shown in Fig. 12.1 . This chapter considers a one-energygroup problem. The constants used for the numerical example are [16] . Beyond the third order, those are approximated with the diffusion theory: For a "nearly critical system" (k eff ¼ 0.99242 AE 0.00002), the Feynman Y function is calculated using Eq. (12.2). The constants used for the nearly critical system are Σ t ¼ 0.2834 cm Fig. 12 .5. "Total" in Fig. 12 .5 shows the sum of the correlated and uncorrelated components. As shown in Fig. 12 .5, the uncorrelated component is very minor in the nearly critical system. Thus, the Feynman Y function is almost the same as the correlated component. The higher modes are negligibly small in the correlated component in the nearly critical system. Thus, the accurately approximated fundamental mode α can be obtained by fitting the Feynman Y function to the conventional formula, Eq. (12.1). On the other hand, if the subcriticality is not small enough, the uncorrelated component and higher-order modes have significant effects on the Feynman Y function. Therefore, obtaining a fundamental mode α would become difficult by simply fitting the Feynman Y function to Eq. (12.1). The Feynman-α method is not necessarily a suitable method as a subcriticality measurement technique. 
Theory of Power Spectral Density in ADS
Another subcriticality measurement technique is the power spectral density method. This chapter focuses on the cross-power spectral density (CPSD), which is the Fourier transformation of a cross-correlation function between two neutron detector signals. In an infinite and homogeneous subcritical system where the energy and spatial dependence of the neutron is neglected, the CPSD is simply expressed as a function of frequency:
where ω ¼ angular frequency. The CPSD in an ADS where the energy and spatial dependence is considered, however, is much more involved as
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, ω m ¼ 2πm/T, and the subscripts C, UN, and CS have the same meanings as in the previous section. For the two systems in the previous section (large subcritical system and nearly critical system), Monte Carlo simulations were performed to obtain CPSDs between detectors 1 and 2 in Fig. 12.1 . In the simulations, the pulse period is T ¼ 0.05 s (20 Hz). The simulation result for the nearly critical system is compared with the theoretical one in Fig. 12.6 . The results of the large subcritical system are shown by Yamamoto [15] . The theoretical results agree well with the Monte Carlo simulations. The uncorrelated component, CPSD UN (ω), emerges only at the integer multiples of the pulse frequency as the Delta-functionlike peaks. Thus, either of the correlated and uncorrelated components can be easily discriminated from the CPSD. Using Eq. (12.12), the uncorrelated and correlated components of the CPSD in the nearly critical system is decomposed into the mode components, shown in Figs. 12.7 and 12.8, respectively. In the correlated component, the higher-order modes are negligibly small, and almost the whole of the CPSD is made up of the fundamental mode. The same condition holds for the large subcritical system. The higher-order mode effect in the correlated component is minor even in the large subcritical system. In the uncorrelated component, the higher-order mode effect is significant even in the nearly critical system. In the large subcritical system, the higher-order mode effect is much more significant. Thus, fitting the uncorrelated component to Eq. (12.9) yields an inaccurate α value unless the system is nearly critical. For example, in the large subcritical system we obtain α ¼ 789 (s À1 ) for the true fundamental mode α value of 940 (s À1 ) [15] from the uncorrelated component. On the other hand, we obtain α ¼ 900 (s À1 ) from the 
Conclusions
In a subcriticality measurement for an ADS, the Feynman Y function in general appears as the sum of the correlated and uncorrelated components. The highermode effect in the correlated component is less significant than in the uncorrelated component. Thus, a relatively good approximation of the true fundamental mode α can be obtained by using the correlated component. However, it is not necessarily easy to separate the correlated component from the measured Feynman Y function. Considering the difficulty of separating the correlated component, the Feynman-α method is not always suitable as a subcriticality measurement technique for ADSs.
In an ADS that is nearly critical, the uncorrelated component is very minor. Thus, by fitting the measured Feynman Y function to the correlated component, the fundamental mode α can be accurately estimated. In a subcriticality measurement using the power spectral density method, the uncorrelated component emerges at the integer multiples of the pulse frequency as delta-function-like peaks. Thus, the uncorrelated component can be easily discriminated from the correlated component. The correlated component is less contaminated by the higher-order modes. An approximate fundamental mode α can be obtained by fitting the Feynman Y function to the correlated component of the power spectral density. The use of the uncorrelated component is not always recommended, because the higher-order modes are more significant in the uncorrelated component. 
